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ABSTRACT
We consider the single-particle density of states (DOS) in the strongly correlated double layer
(DL) system, without applied external fields. We demonstrate an unusual collapse effect in the
spectrum of the normal single-particle spectral function at the particular high-symmetry point cor-
responding to the specific bunching-point solution of the chemical potential in the Frenkel channel.
We show that at the low-temperature limit the anomalous spectral function obeys a concave like
structure, which is directly related to the interlayer pair formation and condensation. We calculate
the normal DOS functions, and we find their temperature dependence for different values of the
interlayer Coulomb interaction parameter. We show that the normal electron and hole DOS func-
tions demonstrate typical condensates double peak structures on the background of the excitonic
pair formation quasiparticle spectra and we have found the evidence of the hybridization gap in
the case of high-temperature limit, and small interlayer coupling parameter. Meanwhile, we show a
possible crossover from the excitonic condensate regime into the band insulator state. The structure
of the normal DOS spectra, in the Frenkel channel and for the strong interlayer coupling regime is
found gapless for all temperature limits, which clearly indicates the strong coherence effects in the
DL structure, and the excitonic condensates therein. We have shown that the excitonic pair for-
mation and pair condensation occurs simultaneously in the DL system, in contrast with the purely
three-dimensional (3D) or two-dimensional cases (2D), discussed previously.
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21. INTRODUCTION
The physics, related to the electronic double layer (DL) heterostructures, becomes more and more attractive, related
to its large applications in the field of electronic nanotechnologies [1–9]. Thanks to the discovery of the long-lived
100 ns coherent electron spin states in n-type semiconductors [10–17], the study of spintronics in the DL systems
has attracted tremendous attention in recent years, both in theoretical and experimental aspects [18]. The unique
properties of energy dispersion and the density of states (DOS) in spintronic materials can be used to control and
tune the excitonic plasma excitation.
An electron-hole DL system [19, 20] is composed of an electron layer, and the hole layer, separated by a finite
distance. In the complex and rich physics related to the electron-hole DL structures, it is important to emphasize
the aspects, related to the electron-hole pairing and exciton condensation. To control the formation of the excitonic
condensates in the DL structured systems, an external electric, or magnetic field are generally supposed to be applied.
The possibility of the excitonic condensates formation in two-dimensions (2D), under the strong magnetic field in
a semiconductor heterostructure, with a very field-sensitive band structure, is given in Refs.21 and 22. A thermo-
dynamically stable condensate formation in InAs-GaSb -based system is discussed in Ref.23, where a study of the
Keldysh-BCS theory is given. Meanwhile, a new platform material is proposed for studying the excitonic conden-
sates. Recently, the detailed phase diagram for the inverted InAs/GaSb DL quantum wells has been proposed [24],
and the possibility of the stable s-wave exciton condensed phase is proved. Contrary, for the large interlayer tunneling
amplitude, a topologically non-trivial quantum spin Hall’s insulator phase is obtained, with the p-wave pairing gap.
A smooth crossover from the intralayer Cooper pair superfluid state to interlayer pairing superfluid state is discussed
within the extended Hubbard model in Ref.25 when discussing the possibility to tunnel between the layers in the
correlated DL structure. It is shown that the interlayer superfluid state is related to the bilayer exciton condensates
formation, where the pairing happens between electrons in one layer and holes in the other. Particularly, it is shown
that the crossover smoothening is not significant for the large interlayer hopping and is negligible for the very small
interlayer hopping. In the other work [26], based on the Quantum Monte Carlo (QMC) numerical approach of the
stochastic series expansion, the bilayer extended Bose-Hubbard model is studied, and the intralayer and interlayer
interactions are considered. A coexistence of the valence bond solid state with the boson superfluidity is found, and
the strong interlayer hopping regime is discussed. Meanwhile, it is shown that the valence bond Mott insulator state
takes place at the weak repulsive intraplane Coulomb interaction.
It was shown recently [27–33], that for the case of the three-dimensional (3D) bulk semiconductors, the excitonic
3condensation and the excitonic pair formation are two different phases of matter. Moreover, for the pure two-
dimensional electron-hole system, it is shown [30] that the low-temperature vortex-antivortex bounded superfluid
phase transition critical temperature differs considerably from the excitonic pair formation critical temperature.
The DL structure, without applied external field, is studied in details in Ref.33, where a new phase transition scenario
for the excitonic pairing processes is given. Particularly, a complicated behavior for the excitonic gap parameter is
found, and the existence of both Frenkel and Wannier-Mott (WM) pairing channels in the gap structure is shown. It
is shown in Ref.33 that these pairing channels are continuously merging one into another when tuning the intralayer
Coulomb interaction at the specific merging point.
In this paper, we consider the DL structure without the external electric or magnetic field, basing on the results
given in Ref.33 and we calculate the single-particle normal electron and hole DOS functions. Firstly, basing on the
single bunching-point solution in the chemical potential structure of the DL system, we calculate the normal spectral
functions in the Frenkel channel and we show an interesting collapse effect in the behavior of the normal spectral
functions. Then we calculate the normal DOS spectra. We will show that the normal, electron and hole single-
particle DOS spectra are gapless for the low-temperature limit and exhibit a large hybridization gap for the case
of high temperatures, and small interlayer Coulomb interaction. Thus, we derive a crossover mechanism, from the
condensate state to the Band Insulator (BI) regime. Regarding the works given in Refs.27–30, 33, and as the result
of our model, we suggest that in the DL structures, and at the given parameters range, the excitonic condensation
and pair formation occur simultaneously, in contrast to the 3D case [27–29, 31, 32], or pure 2D superfluid state [30].
Furthermore, we show that when increasing the interlayer Coulomb interaction parameter, the excitonic condensate
state is stabilizing, and the DOS spectra become gapless for all temperature ranges. Therefore, we suggest that the
system is always in the mixed state in this case, and the excitonic condensation and pair formation are coexisting.
We give also the temperature dependence of all calculated quantities presented in the work. As the unit of energy,
we have chosen the intralayer hopping amplitude for the layer-1 and we put |t1| = 1. We set also kB = 1 and ~ = 1
overall in the paper and for the 2D square lattice constant a we have putted a ≡ 1.
The paper is organized as follows: in the Section 2 we introduce the Hamiltonian of the model with the effective
chemical potential. In the Section 3 we derive the expression of the general action in the system and the general form of
the partition function. In the Section 4 we present the solution for the chemical potential in the DL system. The Section
5 is entirely devoted to the single-particle excitonic spectral functions and DOS evaluations. Both, analytical and
numerical results are given there. In the Section 6 we discuss our results in touch with the experimental accessibilities,
4and in the Section 7 we give a conclusion. Finally, in the Appendix A, we present the calculation details for the DOS
functions.
2. THE MODEL
We introduce the Hubbard Hamiltonian of our DL system, with the intraplane and interplane Coulomb couplings.
The DL is composed of two square lattices, numbered as l = 1, 2 and doped respectively with electrons and holes.
The Hamiltonian reads as
H = −
∑
〈i,j〉
l,σ
tl
(
c†li,σclj,σ + h.c.
)
− t⊥
∑
i,σ
(
c†1i,σc2i,σ + h.c.
)
−
∑
i,l,σ
µ¯lnli,σ + U
∑
i,l
(
n2li
4
− S2lz
)
+W
∑
i,σ,σ′
n1i,σn2i,σ′ . (1)
Here, 〈i, j〉 denotes the sum over the nearest neighbors lattice sites, tl l = 1, 2 is the intraplane hopping amplitude, σ
denotes the spins of the electrons with two possible polarization directions (σ =↑, ↓), and t⊥ is the interplane hopping
amplitude. Furthermore, µ¯l l = 1, 2 are the shifted chemical potentials
µ¯l = µl + U/2 +W, (2)
and W is the local interlayer Coulomb repulsion. Next, nli = nli,↑ + nli,↓ is the total electron density on site i, in the
layer l, and Slz is the z-component of the generalized spin operator
Slz =
1
2
(nli,↑ − nli,↓) . (3)
For a simple treatment, we suppose that the chemical potentials in both layers are opposite in sign µ1 = −µ2. This,
in turn, will introduce the p-doping in one layer and n-doping into another. The parameter U in Eq.(1) is the local
intralayer Coulomb interaction. We consider the double layer with respect to the half-filling conditions in each layer
〈nl〉 = 1, for l = 1, 2. The formation of the excitons in the layered structure, and the possibility of their further
condensation at the low temperatures requires the attraction between the electrons and holes. This is described by
the Hubbard interaction term between different layers and is given by the last term in Eq.(1).
Next, we will pass to the Grassmann representation for the fermionic variables, and we write the partition function
of the system, by employing the imaginary time fermion path integral method [34]. For this, we introduce the
imaginary-time variables τ , at each lattice site i. The time variables τ vary in the interval (0, β), where β = 1/T with
T being the temperature. The time-dependent Grassmann variables cli,σ(τ) (c
†
li,σ(τ)) are satisfying the anti-periodic
5boundary conditions for fermions [35]. Then, the grand canonical partition function of the system is
Z =
∫ [
Dc†Dc
]
e−S[c
†,c], (4)
where, the action in the exponent is expressed as
S
[
c†, c
]
= SB
[
c†, c
]
+
∫ β
0
dτH (τ) . (5)
The first term in Eq.(5), is the fermionic Berry-term. It is given as
SB
[
c†, c
]
=
∑
i,l,σ
∫ β
0
dτc†li,σ(τ)
∂
∂τ
cli,σ(τ). (6)
Furthermore, we will combine the quadratic and linear total density terms in Eq.(1) and we will decouple the obtained
nonlinear term by the scalar field Hubbard-Stratanovich linearization procedure [34].
3. THE METHOD
For further simplifications, we will write the interlayer interaction term in Eq.(1) in a compact form, by introducing
the following complex variables ξi,σσ′(τ) = c
†
2i,σ(τ)c1i,σ′(τ), and their complex conjugates, with all possible spin
directions. The variables ξi,σσ′(τ) are linear in the density of electrons. Then, the interlayer Coulomb interaction
term reads as
S
[
ξ†, ξ
]
= −W
∑
i,σ,σ′
∫ β
0
dτ |ξi,σσ′(τ)|2. (7)
The procedures of decoupling the nonlinear interaction terms are rather standard [28, 29, 34] and we will not present
here the details. We will just write the form of the partition function after the decoupling procedure
Z =
∫ [
Dc†Dc
] ∫ [
D∆†D∆
]
e−S[c
†,c,∆†,∆], (8)
where ∆† and ∆ are the new decoupling fields related to the complex variables ξ†i,σσ′(τ) and ξi,σσ′(τ), and the total
action of the system contains already the scalar saddle-point terms appearing after the decoupling
S
[
c†, c,∆†,∆
]
= SB[c
†, c] +
∑
〈i,j〉
l,σ
∫ β
0
dτtl
(
c†li,σ(τ)clj,σ(τ) + h.c.
)
+t⊥
∑
i,σ
∫ β
0
dτ
(
c†1i,σ(τ)c2i,σ(τ) + h.c.
)
+ S
[
V S
]
+ S
[
∆Sc
]
+ S
[
ξ†, ξ,∆†,∆
]
. (9)
Here,
S
[
∆Sc
]
= −
∑
i,l,σ
∫ β
0
dτ(−1)σ∆Slcnli,σ, (10)
6where ∆Slc is the saddle-point value of the scalar parameter related to the decoupling of the electron density-difference
quadratic term in the Hamiltonian in Eq.(1). Considering the case of half-filling, we will fix ∆S1c = ∆
S
2c = U/2. The
action S
[
ξ†, ξ,∆†,∆
]
in Eq.(9) reads then as
S
[
ξ†, ξ,∆†,∆
]
=
∑
i,σ,σ′
∫ β
0
dτ
[ |∆i,σσ′(τ)|2
W
+ ∆†i,σσ′(τ)ξi,σσ′(τ) + ξ
†
i,σσ′(τ)∆i,σσ′(τ)
]
. (11)
Furthermore, we see that the decoupling fields ∆†i,σσ′(τ) and ∆i,σσ′(τ) are descendants of the pairing gap parameters
for different spin orientations. Indeed, the saddle point expressions for the decoupling fields are
∆Sσσ′ = −W
〈
c†2i,σ (τ) c1i,σ′ (τ)
〉
, (12)
∆†Sσσ′ = −W
〈
c†1i,σ (τ) c2i,σ′ (τ)
〉
. (13)
The quantum statistical averages here are given with the help of the fermionic action in Eq.(9), mainly
〈...〉 = Z−1
∫ [
Dc†Dc
] ∫ [
D∆†D∆
]
...e−S[c
†,c,∆†,∆]. (14)
In fact, the parameter ∆Sσσ′ corresponds to the conventional excitonic pairing gap, as in the usual bulk semiconductors
[27–29, 36–40].
Without any loss of generality, we suppose the case of the pairing states with the uniform real gap parameters
[28–30, 40]. It is not difficult to write the total action of the system, given in Eq.(9), in the Fourier transformed form
S
[
Ψ†,Ψ,∆†,∆
]
=
1
βN
∑
k,νn
Ψ†k(νn)Gˆ
−1
k (νn) Ψk(νn), (15)
where N is the total number of k-points in the first Brillouin zone (BZ), and we have introduced the 4-component
Nambu spinor
Ψk(νn) =
[
c1k,↑(νn), c
†
1k,↓(νn), c2k,↓(νn), c
†
2k,↑(νn)
]T
(16)
and the complex conjugate Nambu vector Ψ†k(νn). Here k, is the electron wave vector in the reciprocal Fourier space,
and the indexes, before the wave vectors, in Eq.(16) indicate the layer they are connected to. The fermionic Matsubara
“odd” frequencies [35] are νn = (2n+ 1)pi/β, with n = 0,±1,±2, ... .
The matrix Gˆ−1k (νn), in Eq.(15), is a 4 × 4 matrix, and is given as
Gˆ−1k (νn) =

E1,k (νn) 0 t⊥ + ∆↑↑ 0
0 −E1,k (νn) 0 −t⊥ −∆†↓↓
t⊥ + ∆
†
↑↑ 0 E2,k (νn) 0
0 −t⊥ −∆↓↓ 0 −E2,k (νn)

. (17)
7The energy parameters El,k (νn) l = 1, 2, entering into the Eq.(17), are given by
El,k (νn) = −iνn −∆Slc + 2t˜l,k + µ¯l −
Un¯l
2
. (18)
Next, t˜l,k l=1,2, are the renormalized, intraplane hopping amplitudes
t˜l,k = 2tlγk, (19)
and the energy dispersion γk, in Eq.(19), is
γk = cos(kxa) + cos(kya), (20)
where a is the 2D lattice constant, and we will put a ≡ 1 as it is mentioned in the introduction of the present paper.
The total density average n¯l, for the layer l, is given with the help of the action in Eq.(9) or in Eq.(15).
Then, for the partition function of the system, we have
Z =
∫ [
DΨ†DΨ
] ∫ [
D∆†D∆
]
e−S[Ψ
†,Ψ,∆†,∆]. (21)
This form of the partition function will be used for calculating the Green functions, normal spectral functions, and
DOS spectra.
4. THE BEHAVIOR OF THE CHEMICAL POTENTIAL
From the structure of the inverse Green function matrix, given in Eq.(17), it follows that ∆σσ′ = ∆σσδσσ′ . We
should mention here that this result is true only for the DL system without an applied external electric field, such as
in our consideration. For the general case, when an external electric field is present, then ∆ex↑↑ 6= ∆ex↓↓, because of the
imbalance |µ1| 6= |µ2|. We will not meditate here this case, and it will be the subject of our future considerations.
Taking into account the half-filling condition for the total average particle density in each layer, we have found the
following system of coupled self-consistent nonlinear equations
1
N
∑
k
[nF (κ1,k) + nF (κ2,k)] = 1, (22)
∆ = − W
2N
∑
k
(t⊥ + ∆) · [nF (κ1,k) + nF (κ2,k)]√
η2k + (t⊥ + ∆)
2
, (23)
where nF (z) is the Fermi-Dirac distribution function nF (z) = 1/(e
βz + 1), and the parameter ηk is defined as
ηk = t˜1k − t˜2k − µ. For the convenience, we have omitted the spin indexes near the excitonic gap parameter ∆.
8Furthermore, the parameters κi,k i = 1, 2 in Eqs.(22) and (23), entering in the argument of the distribution function,
are given explicitly by the following relations
κi,k = −U
2
+ 2 (t1 + t2) γk +W + (−1)i−1
√
η2k + (t⊥ + ∆)
2
. (24)
We have solved the system of equations in Eqs.(22) and (23) for the case of the electron hopping-asymmetry (i.e.,
t1 6= t2 and t1 < 0 for hole layer) in different layers of the system. We will not present here the results for the excitonic
gap parameter ∆, and we refer the reader to the work in Ref.33 for a detailed discussion. We concentrate here on
the chemical potential solution. Particularly, it is shown in Ref.33 that the interlayer Coulomb interaction parameter
W/|t1| has a more important impact on the amplitude of the excitonic gap than the interlayer hopping parameter
t⊥, which leads to the stabilization of the quantum coherent states, such in the case of the valence bond solids [41]
and supersolids [42–44] resulting from the strong interplane attractions (in the case of the heavy fermions, the role
of the interlayer hopping amplitude is negligibly small). Namely, from the results, given in Ref.33, it follows that
both gap channels: Frenkel type, with strongly bound excitons, and Wannier-Mott (WM) type, with weakly bound
excitons (see the lowest pairing gap solutions in Figs. 1 and 2 in Ref.33) are found to be possible in the correlated
DL system. For strong intralayer Coulomb interaction values, the Frenkel-gap disappears, and the fluctuating WM
gap remains open until very high values of the interaction parameter U/|t1| [33]. In Fig. 1, we have presented the
solution for the chemical potential in the case of weak interlayer Coulomb interaction parameter W/|t1| = 0.75, and
t⊥ = 0.04|t1|. The accuracy of convergence for numerical solutions is achieved with a relative error of the order 10−7,
and with an absolute error of the order 10−4. We see in Fig. 1 a spectacular behavior of the chemical potential, where
the merging point corresponds to the merging of two type excitonic solutions. The wire solutions of µ corresponds
to the Frenkel type excitonic channel, while the rest is due to the WM gap solution (see the low-energy gap solutions
in Ref.33). In addition to the results, given in Ref.33, here, it is important to mention the existence of a stable
“Bunching-point” Frenkel solution of the chemical potential (see Fig. 1), where different solutions of µ, corresponding
to Frenkel channels and at different temperatures, are intersecting, and the position of this point on the U/|t1|-axis is
still unchanged, when varying the temperature. This point corresponds to the intraplane Coulomb interaction value
UB/|t1| = 1.5, for the case discussed in Fig. 1. The role of this stable solution will be clear hereafter when discussing
the normal spectral functions, and DOS properties at UB/|t1| = 1.5.
9FIG. 1: (Color online) The temperature dependence of the chemical potential in the DL structure is shown. The
interlayer Coulomb interaction parameter is fixed at W/|t1| = 0.75 and t⊥ = 0.04|t1|. The beginning of the Frenkel
channel solution (see in Ref.33) is displaced to the smaller intralayer Coulomb interaction region.
5. SPECTRAL FUNCTIONS AND SINGLE-PARTICLE DOS
5.1. Normal and anomalous spectral functions
For the layer l, we define the equal time, normal electron Matsubara Green functions [32] as:
Gσ,σl (iτ, iτ) = −
〈
c†li,σ(τ)cli,σ(τ)
〉
=
1
βN
∑
k,νn
Gσ,σl,k (νn), (25)
where
Gσ,σl,k (νn) = −
1
βN
〈
c†lk,σ(νn)clk,σ(νn)
〉
. (26)
Here, the average should be done with the help of the action given in Eq.(15). Then, we will fix the spin σ =↑ and we
omit the spin indexes near the Green functions. The case σ =↓ is identical and gives the same results, because of the
symmetry of the considered DL system. Using the expression of the inverse Green function matrix, given in Eq.(17),
we will have for the functions Gl,k(νn) of the layers l = 1, 2
Gl,k(νn) = −
−iνn −∆Sc + 4tl˜γk + µ¯l˜ − Un¯l˜2
(iνn)2 + 2iνnak + bk − (t⊥ + ∆)2 , (27)
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where l˜ means the layer opposite to the layer l, and the k-dependent parameters ak and bk in Eq.(27) are defined as
follows
ak = ∆
S
c − 2(t1 + t2)γk −W, (28)
bk = (∆
S
c − 4t1γk − µ˜1)(∆Sc − 4t2γk − µ˜2). (29)
The effective chemical potentials µ˜l l = 1, 2, introduced here, are given by
µ˜l = µ¯l − Un¯l
2
. (30)
As it is discussed above, we will put ∆Slc =
1
2 , and n¯l = 1 for the layers l = 1, 2.
In the simple Angle Resolved Photoemission Spectroscopy (ARPES) experiments, the direct detection quantities
are the single-particle spectral functions Al,k(ν), which gives the information about the occupation of the state k at
the given frequency ν. Thus, we will evaluate these functions for our model. The single-particle spectral functions
Al,k(ν) l = 1, 2 are defined with the help of the imaginary part of the retarded Matsubara Green functions [35]
Al,k(ν) = − 1
pi
=Gl,k(νn)|iνn→ν+iα+ , (31)
where the analytical continuation is performed into the upper-half complex semi-plane, and α+ is the infinitesimal
positive constant. Using the expression of the l-layer normal Green function, given in Eq.(27), it is not difficult to
show that the l-layer single-particle normal spectral function Al,k(νn) takes the following form
Al,k(ν) =
∑
i=1,2
(−1)l+i
2
[
ηk√
Dk
− (−1)l+i−1
]
δL(α, ν, κi,k). (32)
Here, the functions ηk and Dk are defined in the following way
ηk = 2(t1 − t2)γk − µ, (33)
Dk = η
2
k + (t⊥ + ∆)
2. (34)
The function δL(α, ν, κi,k) in Eq.(32) is the Lorentzian broadening function with the sufficiently small positive broad-
ening parameter α. It is given as δL(α, ν, κi,k) =
1
piα/
[
α2 + (ν − κi,k)2
]
, where the parameters κi,k are given in
Eq.(24). The numerical evaluations of the spectral functions Al,k(ν), for the layers l = 1, 2, are presented in Figs. 2
and 3. The broadening parameter α is chosen very small α = 0.005. In Fig. 2, the normal spectral functions for both
layers, l = 1, 2, are presented at the high-symmetry points Γ, X, and M , on the 2D square lattice. The interlayer
Coulomb interaction parameter is set at W/|t1| = 0.75 and t⊥ = 0.04|t1|. The intralayer Coulomb interaction U/|t1| is
11
FIG. 2: (Color online) The excitonic normal spectral function Al,k(ν), along the high-symmetry direction Γ→M .
The hole (see the curves in blue) and electron (see the curves in red) layers l = 1, 2 are considered, and the
temperature is fixed at T/|t1| = 0.5 (for the left panel) and at T/|t1| = 1.5 (for the right panel).
chosen away from the value at the Bunching-point: UB/|t1| = 1.5 (see in Fig. 1) for this case. The left panel in Fig. 2
corresponds to T/|t1| = 0.5, and the curves in the right panel are evaluated for the higher temperature T/|t1| = 1.5.
We see in the left panel in Fig. 2 that the normal spectral functions lines for the layers l = 1, 2 are interchanging with
their positions on the frequency axis at the symmetry point k = M . For the higher temperature case (see the curves
in the right panel in Fig. 2), the separation between the spectral lines in different layers is considerably increased,
12
FIG. 3: (Color online) The excitonic normal spectral function Al,k(ν) at the high-symmetry points Γ, X and M for
the bunching point of the chemical potential (see the µ-structure in Fig. 1). The hole (see the curves in green) and
electron (see the curves in red) layers l = 1, 2 are considered, and the temperature is fixed at T/|t1| = 0.5. The
spectral function collapse is clearly seen at the symmetry point X.
and the mentioned interchanging does not takes place in this case.
In Fig. 3, the Frenkel spectral functions evaluations for the layers l = 1, 2 are given at the Bunching point UB/|t1| =
1.5 (see in Fig. 1) and projected on the plane (ν, |k|). The temperature is set at T/|t1| = 0.5. We see in Fig. 3 that
at the symmetry point |k| = X, an unusual collapse occurs in the spectral functions structure, which is furthermore
removed when evaluating along the symmetry direction X → M . Next, we have evaluated the frequency-summed
normal Green functions gl,k, for the layers l = 1, 2. For this, we have performed the fermionic Matsubara summation
in Eq.(27). We get
gl,k =
1
β
∑
νn
Al,k(νn) =
∑
i=1,2
(−1)l+i
2
[
ηk√
Dk
− (−1)l+i−1
]
nF (κi,k) . (35)
The plots of the functions gl,k l = 1, 2 are presented in Figs. 4 and 5. In Fig. 4, the functions gl,k are plotted for the
case W/|t1| = 0.75 and t⊥ = 0.04|t1|. The temperature is set at T/|t1| = 0.5, and the intralayer Coulomb interaction
parameter is fixed at U/|t1| = 4. The functions gl,k in Figs. 4 and 5 are plotted in the extended BZ scheme. We see
clearly the hole layer sockets and the electron layer mounds in Fig. 4. In Fig. 5, the same functions are plotted for
the case of higher temperature: T/|t1| = 1.5, and the considerable amplitude decrease is observable in Fig. 5.
In Fig. 6, we have evaluated the anomalous, frequency-summed Green function g21,k, corresponding to the anomalous
Green function G21,k(νn). In the real space, the anomalous Green function is defined as
13
FIG. 4: (Color online) The plot of the frequency-summed function gl,k as a function of the k = kxG1 + kyG2 wave
vector, in the extended BZ scheme. The upper panel shows the k dependence for the hole layer, with l = 1, and, in
the lower panel, the k dependence for the electron layer, with l = 2 is shown. The temperature is set at T/|t1| = 0.5.
Gσ,σ21 (iτ, iτ) =
〈
c†2i,σ(τ)c1i,σ(τ)
〉
(36)
In the Fourier representation we get
Gσ,σ21 (iτ, iτ) =
1
βN
∑
k,νn
Gσσ21,k(νn), (37)
where
Gσσ21,k(νn) =
1
βN
〈
c†2k,σ(νn)c1k,σ(νn)
〉
. (38)
Then, for the function g21,k, we have
g21,k = − 1
β
∑
νn
G21,k(νn) = − t⊥ + ∆
2
√
Dk
[nF(κ1,k)− nF(κ2,k)] . (39)
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FIG. 5: (Color online)The plot of the frequency-summed function gl,k as a function of the k = kxG1 + kyG2 wave
vector, in the extended BZ scheme. The upper panel shows the k dependence for the hole layer, with l = 1, and, in
the lower panel, the k dependence for the electron layer, with l = 2 is shown. The temperature is set at T/|t1| = 1.5.
In the left panel in Fig. 6, we have presented the plot of the function in Eq.(39) for the temperature fixed at T/|t1| = 0.5.
The concave-like structure of the anomalous function g21,k is the manifestation of the electron-hole pairing between
different layers, and pair condensation in the DL system, which takes place at the same time for the given parameters
ranges (as we will see later on, in the next Section 5 5.2).
The right panel, in Fig. 6, corresponds to the temperature fixed at T/|t1| = 1.5, and a considerable decrease of the
g21,k function amplitude is observable in the picture. The concave structure is also flattened in this case, due to the
temperature effect.
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FIG. 6: (Color online) The plot of the frequency-summed anomalous function g21,k as a function of the
k = kxG1 + kyG2 wave vector, in the extended BZ scheme. The left panel shows the k dependence at the fixed
temperature T/|t1| = 0.5, and the right panel shows the k dependence at the fixed temperature T/|t1| = 1.5.
FIG. 7: (Color online) Normal DOS function ρl(ν) at U/|t1| = 4, for the hole layer with l = 1, and at the weak
interlayer coupling limit W/|t1| = 0.75.
5.2. Normal DOS functions
Here, we calculate the k-integrated, single-particle DOS functions ρl(ν) for different layers l = 1, 2. We obtain
ρl(ν) =
∑
i=1,2
j=1,2
(−1)l+j−2ρ2D (i)
2|Λj (i) |
[
η (i)√
D (i)
− (−1)l+j−1
]
. (40)
The derivation of this result is given in details in the Appendix A. We have introduced in Eq.(40) the non-interacting
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FIG. 8: (Color online) Normal DOS function ρl(ν) at U/|t1| = 4, for the electron layer with l = 2, and at the weak
interlayer coupling limit W/|t1| = 0.75.
elliptic DOS function for the 2D square lattice
ρ2D(z) =
1
pi2
K
(√
1− z
2
4
)
, (41)
where K(z) is the complete elliptic integral of the first kind [45]. The functions η(z), D(z), and Λj (z) j = 1, 2, in
Eq.(40), are defined in the following way:
η(z) = 2(t1 − t2)z − µ, (42)
D(z) = η2(z) + (t⊥ + ∆)2, (43)
Λj(z) = 2(t1 + t2) + (−1)j−1 η(z)η
′(z)√
D(z)
. (44)
Here η′(z) means the derivative of the function η(z). The parameters i i = 1, 2, in the arguments of the functions in
Eq.(40) are defined in the following way
i = −
W1 + (−1)i
√
|W2|2 + 4t1t2 (t⊥ + ∆)2
8t1t2
, (45)
where the functions Wi i = 1, 2 are
Wi = µ
[
t1 + (−1)it2
]
+
[
t1 + (−1)i−1t2
](
W − ν − U
2
)
. (46)
Furthermore, we have evaluated the DOS functions given in Eq.(40) (for both layers l = 1, 2) using the highest
precision accuracy for the elliptic function given in Eq.(41).
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In Fig. 7 we have shown the temperature dependence of the normal DOS function for the layer-1 holes, for the fixed
value of the intralayer Coulomb interaction parameter U/|t1| = 4, and for the fixed value of the interlayer hopping
amplitude t⊥ = 0.04|t1|. We see in Fig. 7 that the DOS structure is spreading well, along the ν-axis, when increasing
the temperature.
In Fig. 8 we have shown the DOS structure for the layer-2 electrons. A relatively small interlayer interaction limit
W/|t1| = 0.75 is considered in Figs. 7 and 8. We see in Figs. 7 and 8 that at the low-temperature limit (i.e.,
when 0.0001 ≤ T/|t1| ≤ 1.0), the DOS structures for both layers l = 1, 2 are gapless, which is the manifestation of
the excitonic condensates regime [28, 29] in the DL system. In the relatively high-temperature limit, (see the DOS
structures at T = 1.5, in Figs. 7 and 8) a very large hybridization gap is opening, which signals the passage to the
BI limit, without excitonic condensates. It is interesting to discuss separately the DOS shapes at T/|t1| = 0.0001
in Figs. 7 and 8, because of its degenerate character. In fact, there are many DOS solutions, in this case, as it is
presented in Fig. 9, and this is due to the complicated behavior of the excitonic gap parameter and chemical potential
at the very low-temperature limit (see in the Section 4 and also in Ref.33). Indeed, the excitonic gap parameter, for
the case T/|t1| = 0.0001, small interlayer coupling parameter W/|t1| = 0.75, and small interlayer hopping amplitude
t⊥ = 0.04|t1|, has many solutions corresponding the same value of the intraplane Coulomb interaction parameter
U/|t1|. Namely, there are 16 solutions for ∆ and µ at T/|t1| = 0.0001 and at U/|t1| = 4 (see in Fig. 1 and also in
Ref.33). Particularly, in Fig. 9, we have presented the normal Frenkel DOS structures corresponding to the maximal
(see the black area in Fig. 9) and minimal (see the area in red, in Fig. 9) values of the excitonic pairing gap parameter
at U/|t1| = 4. The corresponding values of the chemical potentials have been calculated and are given in Fig. 9. We
see, in Fig. 9, that the DOS structures for the maximal value of the gap parameter are slightly higher than for the case
corresponding the minimum of the Frenkel channel gap parameter and also they are slightly displaced on the ν-axis.
This is true for both layers l = 1, 2. Actually, as it is indicated above, there are 14 more DOS structures, apart of
presented two in Fig. 9, but we do not present here all of them. Another important observation that could be gained
from the DOS structures presented in Figs. 7 and 8, is related to the DOS peaks positions on the frequency axis ν.
Indeed, in this case, we see clearly that the excitonic condensates double peaks are present in the DOS spectra (see
the well pronounced double peaks in between the outermost excitonic single-particle excitation peaks in Figs. 7 and
8). Both, condensates, and single-particle excitation peaks are decreasing when augmenting the temperature. The
important feature that should be mentioned here is that the condensates double peak structure disappears at the very
high-temperature limit (see the DOS structures for the case T/|t1| = 1.5), while the single-particle excitation peaks
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FIG. 9: (Color online) Normal DOS function ρl(ν) at U/|t1| = 4, for the hole layer with l = 1 (see the upper panel)
and electron layer with l = 2 (see the lower panel). The temperature is set at T/|t1| = 0.0001 and the small
interlayer coupling limit is considered W/|t1| = 0.75.
remain present in the DOS spectra with a well-defined hybridization gap, which is signaling the passage to the BI
phase in the system.
In Figs. 10 and 11, we have presented the DOS results for the strong interlayer Coulomb interaction limit: W/|t1| =
1.5 and for t⊥ = 0.04|t1|. We see, that in this case the DOS amplitudes are much higher and the hybridization gap is
totally absent (see the temperature evolution of DOS functions given in Figs. 10 and 11), for all temperature ranges.
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FIG. 10: (Color online) Normal DOS function ρl(ν) at U/|t1| = 4, for the hole layer with l = 1, and at the strong
interlayer coupling limit W/|t1| = 1.5.
Thus, the DL system is always in the condensates regime in this case. Obviously, augmenting the interlayer Coulomb
interaction favors the condensates order in the DL system, and the excitonic condensates are amplified for both layers
l = 1, 2. Therefore, the parameter W/|t1| plays an important role in the physics of the DL structures. Mainly, by
varying it, we can obtain the stable condensates states, even at the higher temperatures. We see also in Figs. 10 and
11, that the excitonic condensates peaks are strongly correlated with the excitonic excitation peaks, in this case, and
they are more difficult to distinguish than in the previous case. This result is related to the strong quantum coherence
effects in the DL system in the case of strong interlayer coupling, which is not the case for the smaller values of the
parameter W/|t1| (see in Figs. 7 and 8)). But the general behavior for the positions on the ν-axis is the same also
for this case, and the condensates double peaks are situated between the single-particle excitation outermost peaks.
In Fig. 12 we have presented the DOS structures at T/|t1| = 0.0001 (for the case W/|t1| = 1.5), which are given
also in Figs. 10 and 11 (see the first DOS structures in Figs. 10 and 11). The plots in Fig. 12 correspond to the
maximal (see the area in black in both panels in Fig. 12) and minimal (see the area in red in both panels in Fig. 12)
values of the excitonic pairing gap parameter at U/|t1| = 4. The corresponding values of the chemical potentials have
been calculated and are given in Fig. 12. We see again, in Fig. 12 that the DOS structures for the maximal value of
the gap parameter are slightly higher than for the case corresponding the minimum of the gap parameter and also
they are displaced on the ν-axis. Actually, there are 20 more DOS structures apart of presented two in Fig. 12, due
to the complicated pairing gap behavior at low-temperature case (see in Ref.33, where there are 22 solutions for the
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FIG. 11: (Color online) Normal DOS function ρl(ν) for the electron layer with l = 2, and at the strong interlayer
coupling limit W/|t1| = 1.5.
gap parameter, corresponding to the same value of the intralayer Coulomb interaction parameter U/|t1| = 4). Thus
the passage into the BI phase is only possible for the small values of the interlayer Coulomb interaction parameter
and at small interlayer hopping amplitudes (as t⊥ = 0.04|t1|, in our case). Thus, by varying the interlayer interaction
parameter, gives the possibility to define the conditions, when different phases could be present in the DL system. At
the small interlayer coupling regime, and at the low-temperature case, we have the coexistence of two different phases
of matter, namely the excitonic condensates with the preformed excitonic pairs and the excitonic pair formation phases
(or the excitonic insulator phase [28–30, 36–40]). For the high-temperature limit, the passage from the excitonic BEC
to the BI phase is continuously driven by the temperature effect. Contrary, for the strong interlayer coupling regime,
we have the coexistence of these two different phases of matter in all temperature ranges, and the excitonic condensates
are present for the high-temperature limit as well. This effect is purposeful, regarding the efforts to obtain the room
temperature condensates in the DL systems.
We see also in Figs. 10 - 11, that when increasing the interlayer interaction parameter W/|t1|, the DOS amplitudes
become considerably higher, and when increasing the temperature, the positions of both: condensates and single-
particle excitation peaks are far and away on the ν-axis and this is shown in Fig. 13 for the case of the hole layer with
l = 1 and at W/|t1| = 0.75.
The situation is more drastic at the stable bunching point UB/|t1|, which remains unchanged when increasing the
temperature (see the discussion in the Section 5 5.1 and also in Ref.33). In Figs. 14 and 15, we have presented the
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FIG. 12: (Color online) Normal DOS function ρl(ν) at U/|t1| = 4, for the hole layer with l = 1 (see the upper panel)
and electron layer with l = 2 (see the lower panel). The temperature is set at T/|t1| = 0.0001, and the strong
interlayer coupling limit is considered W/|t1| = 1.5.
DOS structures at UB/|t1| = 1.5 corresponding to the values W/|t1| = 0.75 and t⊥ = 0.04|t1| (see the stable bunching
point solution at UB/|t1| = 1.5 in Fig. 1, in the Section 4, and also in Fig. 3, in the Section 5 5.1). In this case, the
DOS structures are also gapless, and the excitonic condensates peaks are coinciding exactly with the single-particle
excitation ones, thus increasing the coherence effects in the DL system. In addition, the DOS structures at UB/|t1|,
still unchanged, when augmenting the temperature, and, only a relatively small amplitude decrease of DOS double
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FIG. 13: (Color online) online) Normal DOS function ρl(ν) for the hole layer with l = 1. The figure shows the
displacement of the condensate and single-particle excitation peaks positions on the frequency ν-axis, when
increasing the temperature.
FIG. 14: (Color online) online)Normal DOS function ρl(ν) at the stable bunching point UB/|t1| = 1.5, for the hole
layer with l = 1. The interlayer Coulomb interaction parameter is set at W/|t1| = 0.75, and t⊥ = 0.04|t1|.
peaks amplitudes is observable. This is consistent with the definition of the point UB/|t1| (see in Fig. 1, in the
Section 4). Here, the DOS structure is also degenerated at the very low-temperature T/|t1| = 0.0001, due to the
degenerate gap structure at U/|t1| = 1.5 (see the discussion in Ref.33). There are 18 solutions for the gap parameter
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FIG. 15: (Color online) Normal DOS function ρl(ν) at the stable bunching point UB/|t1| = 1.5, for the electron
layer with l = 2. The interlayer Coulomb interaction parameter is set at W/|t1| = 0.75, and t⊥ = 0.04|t1|.
corresponding to the value U/|t1| = 1.5 [33]. The difference with the previous cases is that the DOS spectra are
exactly coinciding at the bunching point, and there are not displacements in the peaks positions for different DOS
solutions. We see in Figs. 14 and 15 that the condensates orders are strongly enhanced at the stable bunching point
UB , and the DOS amplitudes are considerably higher than for the cases away from the point UB . In other words, this
point is related to the stable condensates sources in the system, for all temperature ranges.
We observe also in all Figs. 7 - 15, that the DOS amplitudes are significantly higher for the electron layer-2, with
l = 2 normal DOS spectra.
6. DISCUSSION
Parallelizing with the results of the works given in Refs.27–29, 33 we can conclude that the DL system is characterized
by the very strong electron-hole correlations, which are responsible for the excitonic condensation in DL. Especially,
the gapless behavior in the excitonic normal DOS structure is a perfect manifestation of the condensates artifact
in the DL structures. Even more detailed phase coherence analysis, that could be done as the next step of the
presented theory, will not affect considerably this result. We expect that only the minor corrections will appear on
the mechanism of the excitonic condensates states formation presented here. The treatment of the phase sector in
the problem would be important in order to distinct the interlayer superfluid state formation phase [25] from the
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excitonic condensate state discussed here. This could be done by taking into account the role of the particle phase
coherence and by considering the vortex-antivortex bound phase coherent states [30].
From the experimental side, the coherent light emission measurements will be insufficient in this case and taking
into account the possible laser coherent emission interference effects. This is in contrast with the polariton condensates
[46–48], where the intraplane coherence is directly measured by the first-order light emission interference. For the
indirect excitonic condensates, such in our case, the first-order interference measurements imply requires the additional
experimental refinements, in order to distinguish the excitonic coherence spectral lines from the standard coherent
lasing effects. However, it is not a good test to demonstrate the coherent excitonic condensates, because of the possible
exciton dephasing due to the strong interlayer correlations. Meanwhile, the mentioned techniques could be used for
measuring the spontaneous hybridization in the system, for the case of the small interlayer Coulomb interaction and
high-temperature limit. As it is shown above, in this case, the system is in the BI phase in the crossover scenario,
thus the macroscopic phase coherent state is absent in this case.
Another test to prove the BI state in the system could be proposed with the help of the photoluminescence
(PL) measurements. Indeed, in the experimental light absorption measurements, the photoexcited electrons, with
the sufficient excitation energy in the layer-1 jump into the layer-2, leading the exciton formation across the DL
structure. At sufficiently low temperatures, the absorption spectrum is sufficiently broad, in order to neglect the
electron recombination effects in the layer-2. But for the higher temperature and, as it follows from the discussion
above, the experimental evidence of the BI state of excitons in the correlated DL structure could be signaled only
by the spontaneous hybridization between the valence and conduction bands for the given parameters ranges (for the
small interlayer coupling limit, and high temperatures). Therefore, as the experimentally accessible quantities in the
photoluminescence (PL) measurements, we have the normal DOS functions presented in Figs. 7 - 9). However, in
order to measure the condensates parts of the DOS, corresponding the lower temperatures, the only hybridization
measurements are not sufficient.
Another difficulty, related to the extraction of the coherent exciton DOS from only the PL line shapes (with a fixed
photon energy), is due to the origin of the Stokes shift, and PL line broadening [49]. The measurement by the PL
technique of the real absorption for the normal coherent DOS is problematic, also because of the strong scattering
effects, which are destabilizing the condensates states.
In fact, the direct experimental measurement of the coherent excitonic DOS is rather a difficult task, which asks
highly refined experimental techniques. We suggest that the normal DOS functions, given in Eq.40, and for all pa-
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rameter ranges, could be experimentally verified by analyzing of the transmittance and photoluminescence excitation
(PLE) spectra [50]. Using the optics relations, one can obtain the absorption spectrum from the measured transmit-
tance one. Furthermore, the analysis of the absorption spectra will provide a way to determine the partial excitonic
DOS. Here, a special attention has to be paid when preparing the sample for the measurements. For the DOS spectra
modeling procedure, the fitting parameters have to be taken into account carefully, such, like the width of the sample
size distribution (which is usually taken as Gaussian), the broadening parameter, and the thickness of the film [51].
In contrary to PL measurements, in the conventional PLE technique, the fixed photon energy is changed into
the excitation energy and PLE spectroscopy could be an alternative solution of that problem, assuming that the
photoexcited e-h pairs always end-up at the lowest energy states (in our case, being simultaneously in the BEC
states). The spectrum measured by the PLE techniques is strongly correlated to the absorption spectrum of the
sample.
Alternatively, in order to measure the excitonic DOS, given in Eq.(40), we suggest also the sensible techniques
of integrated photoluminescence excitation (IPLE). The direct measurement of the coherent excitonic DOS by PLE
techniques, mentioned above, could be difficult in some cases, related to the thickness of the samples and significant
extinction caused by the DL films inhomogeneities. The IPLE techniques these difficulties are avoided, and the IPLE
spectrum is arising from the integration of the excitonic PL lineshape, which gives a very good estimate for the shapes
of the absorption spectrum, taking into account also the absorption spectra for higher excited energies.
7. CONCLUSION
In the present paper, we considered the excitonic gap formation and excitonic DOS in the double layer electronic
structure, composed of holes (in the layer-1) and electrons (in the layer-2). Employing a pertinent to this case
theoretical formalism, we have obtained a system of coupled self-consistent nonlinear equations for the excitonic gap
parameter and chemical potential in the system at half-filling. We have considered the case of the zero external
electric field, and the hopping asymmetric DL structure: |t1| 6= |t2|. From the numerical results for the excitonic gap
parameter, we have shown that the strong and weakly bound excitonic formations are possible in the correlated DL
system and we have found a stable bunching point UB in the spectrum of the chemical potential.
Furthermore, we have calculated the excitonic normal DOS functions for different interlayer Coulomb interaction
regimes. In the case of small interlayer coupling, we have found a gapless DOS behavior for the case of low tempera-
tures, while in the high-temperature region, the DOS structure exhibit a very large, spontaneous hybridization gap,
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and destruction of the condensate order is enhanced. From the structure of the excitonic normal DOS functions, we
have shown a strong evidence of the exciton condensation in the DL system. These condensates states disappear at
high-temperature and small interlayer interaction regime, which could be described as a smooth passage from the
coherent BEC regime into the uncorrelated excitonic pairs. In contrast, for the strong interlayer coupling limit, the
condensates states persist in the high-temperature limit and the system is always in the BEC regime in this case.
Regarding the previous results on this subject of the exciton condensation in the 3D systems with phase coherence
mechanism [27–29], it is especially important to mention here, that the DL structure itself, amplifies the intensity
of the exciton condensation, without additional phase coherence mechanisms, or applied external fields. This is very
important from the theoretical point of view and is crucial when considering the exciton condensation mechanisms.
Thus, the general conclusion to be gained from our considerations is that the excitonic pair formation and their
condensation into the fundamental state occurs simultaneously in the DL structures, which is in contrast to the 3D
bulk case [28, 29], where the excitonic pair formation and excitonic condensation are two distinct phases of matter,
which emerge at different temperature scales [27–32].
Since the electron-hole pairs in the excitonic DL systems couple directly to the emitted photos, and since the
intraplane coherence maps well with the optical coherence of the emitted photons, then, as the future investigation
of our results obtained here, we will calculate the intraplane and interplane coherence lengths. For the interplane
correlations, two coherence lengths should be clearly distinguished: one related to the Frenkel type excitons and the
other with the WM excitonic formations, which are both possible in the DL structure [33]. This will give also another
possibility (more simpler than the direct experimental measurements of the normal DOS spectra presented in the
Section 6) to compare, in a best way, the results of our theory with the coherent light emission experiments, which
not eat give the clear results about the exciton condensation in the DL systems.
Nevertheless, in order to clarify the mechanism of the interlayer superfluid phase formation [25], we have to prop-
erly include the particle coherence effects, by introducing the phase variables and by discussing the exciton pairing
symmetry breaking, when lowering the temperature. We expect that the role of the electron phases [28, 29] would
be important for the case of small interlayer interaction and high-temperature region. The observation of the stable
condensates states, at the high-temperature and strong interlayer coupling regime, opens the new perspectives to ob-
serve the room-temperature exciton condensates in the DL structures. Alternatively, for the small interlayer coupling
regime, there exists a crossover mechanism from BEC to BI state.
Another perspective of possible elaboration of the presented here theory is the inclusion of the biexcitonic effects
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in the problem via the quantum rotor approach and by integrating out the fermionic degrees of freedom. The topics
of high importance would be the stability conditions for biexcitonic formations and their influences on the excitonic
condensates formations in different parameter regimes. Due to the very short lifetime of the biexcitonic formations,
we expect that their influences on the effects discussed here will not be much important.
Appendix A: Single-particle DOS
We will derive here the expression of the single-particle DOS functions ρl(ν) given in Eq.(40), in the Section 5 5.2.
We start by the definition of the normal single-particle DOS for the layers l = 1, 2, and we fix the spin variable σ =↑.
The single-particle Green function for the layer l is defined as
G↑,↑l (iτ, iτ) =
1
βN
∑
k,νn
G↑,↑l,k (νn), (A1)
where
G↑,↑l,k (νn) = −
1
βN
〈
c†lk,↑(νn)clk,↑(νn)
〉
. (A2)
Then, we use the expression of the inverse Green function matrix given in Eq.(17), in the Section 3, and we derive
the explicite expression for the single-particle fermion average
〈
c†lk,↑(νn)clk,↑(νn)
〉
using the functional derivation
techniques [34]. The procedure is rather standard [28, 34]. We introduce the source field spinors Jk(νn) and J
†
k(νn)
into the partition function given in Eq.(21). They are sources, coupled to the Nambu spinor vectors, defined in the
Section 3, in Eq.(16). We have
Jk(νn) =
[
J1k,↑(νn), J
†
1k,↓(νn), J2k,↓(νn), J
†
2k,↑(νn)
]T
. (A3)
The indexes in Eq.(A3), before the wave vectors k, mean the layer they are belonging to. For the layer-2 we get
δ2
δJ†2k,↑δJ2k,↑
= −1
4
〈
c†2k,↑(νn)c2k,↑(νn)
〉
= −1
2
G33k (νn). (A4)
The function G33k (νn), is the component of the Green function matrix, inverse of the matrix Gˆ
−1
k (νn). And for the
average we get
G2,k(νn) = −
−iνn −∆c + 4t1γk + µ¯1 − Un¯12
(iνn)2 + 2iνnak + bk − (t⊥ + ∆)2 . (A5)
For the convenience, we have omitted the spin indexes in Eq.(A2). The derivation of the Green function G1,k(νn),
for the layer-1, is analogue, and we have
G1,k(νn) = −
−iνn −∆Sc + 4t2γk + µ¯2 − Un¯22
(iνn)2 + 2iνnak + bk − (t⊥ + ∆)2 . (A6)
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The parameters ak and bk, in Eqs.(A5) and (A6), are defined in Eqs.(28) and (29) in the Section 5 5.1. With the
conventions discussed in the Sections 2 and 3, we have ∆Sc = 1/2, and n¯l = 1 for each layer. Furthermore, we can
rewrite the Eqs.(A5) and (A6) in the more convenient forms:
G2,k(νn) = −1
2
(
ηk√
Dk
− 1
)
1
iνn − κ1,k +
1
2
(
ηk√
Dk
+ 1
)
1
iνn − κ2,k , (A7)
G1,k(νn) =
1
2
(
ηk√
Dk
+ 1
)
1
iνn − κ1,k −
1
2
(
ηk√
Dk
− 1
)
1
iνn − κ2,k . (A8)
The functions ηk, Dk are given in Eqs.(33) and (34) in the Section 5 5.1. The parameters κi,k i = 1, 2, in the
denominators of the functions in Eqs.(A7) and (A8) are defined in Eq.(24), in the Section 4.
The single-particle spectral functions Al,k(ν) l = 1, 2, which are mostly demanded for the simple ARPES exper-
imental evidence of the excitonic pair formation, and coherent condensate measurements (see the discussion in the
Section 5 5.1), are defined as being the imaginary parts of the corresponding retarded Green functions [35]. Therefore,
we write
Al,k(ν) = −=Gl,k(νn)|iνn→ν+iα+ , (A9)
where the analytical continuation into the upper half complex semi-plane is done for the retarded function. The
single-particle DOS is then straightforward
ρl(ν) =
1
N
∑
k
Al,k(ν). (A10)
Next, we will use the Cauchy’s relation 1/(x + iα+) → P(1/x) − ipiδ(x) in order to separate the real and imaginary
parts, in the expressions in Eqs.(A7) and (A8). We get
ρl(ν) =
∑
i=1,2
(−1)l+i−2
2N
∑
k
[
ηk√
Dk
− (−1)l+i−1
]
δ (ν − κi,k) . (A11)
The summation over the 2D wave vectors k in Eq.(A11) could be transformed into the integration, by introducing
the density of states function ρ2D(z) =
1
N
∑
k δ(z − γk), where γk is the 2D lattice dispersion and is given explicitly
in Eq.(20) in the Section 5 5.2 . Then, the Eq.(A11) will be transformed into following equation
ρl(ν) =
∑
i=1,2
(−1)l+i−2
2
∫
dyρ(y)
[
η(y)√
D(y)
− (−1)l+i−1
]
δ [ν − κi(y)] . (A12)
We can now invert the Dirac δ function in Eq.(A12), in order to perform the integration over the continuous variable
of integration. This is done easily, by using the relation for the Dirac function: δ [f(x)] =
∑
i δ(x− xi)/|f ′(xi)|,
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where xi are the solutions of the equation f(x) = 0. Then, we obtain the following compact formula for the l-layer
single-particle excitonic DOS function:
ρl(ν) =
∑
i=1,2
j=1,2
(−1)l+j−2ρ2D(i)
2|Λj(i)|
[
η(i)√
D(i)
− (−1)l+j−1
]
, (A13)
where the paremeters Λj(z) j = 1, 2 are given in Eq.(44) in the Section 5 5.2. The parameters i i = 1,2, in the
arguments of the functions in Eq.(A13), are also defined in the Section 5 5.2 in Eq.(45).
The numerical evaluations of the DOS functions, obtained with Eq.(A13), for the layers l = 1, 2, and for different
values of the interlayer interaction parameter W/|t1|, are given in the Section 5 5.2 of the present paper.
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